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Abstract
We prove that the complete monotonicity is preserved under mixed geometric compounding, and hence show that the ruin probability, the
Laplace transform of the ruin time, and the density of the tail of the joint
distribution of ruin and the decit at ruin in the Sparre Andersen model
are completely monotone if the claim size distribution has a completely
monotone density.
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Introduction

Let

f ∈ C ∞ ((a, b)), 0 < a < b ≤ ∞.

1941, Chapter IV, Denition 2c) on
integers

n.

We say

(a, b)

f is completely monotone (Widder,
(−1)n f (n) ≥ 0 for all nonnegative

if

The following result is known as Bernstein's theorem [Berstein, 1929;

Widder, 1941, Chapter IV,Theorem 12b]: A function

f

is completely monotone

(0, ∞)

if and only if there exists a non-decreasing function ϕ such that the
∫ ∞ −sx
LaplaceStieltjes integral f (x) =
e
dϕ(s) converges for 0 < x < ∞. Thus,
0
any completely monotone function is both non-increasing and log-convex. Ex-

on

amples of completely monotone density functions include the exponential, the
Weibull with shape parameter less than 1, the Pareto, and the gamma with
shape parameter not greater than 1.

Originally, completely monotonic func-

tions arose as Laplace transforms of nonnegative functions, see e.g. Feller (1966,
Chapter XIII). Now they appear in many dierent areas; see e.g. Sumita &
Corresponding author. E-mail: snchiu@hkbu.edu.hk
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Masuda (1987), Pillai & Sandhya (1990), Hara (2008) and Yu (2009). For the
application of completely monotone functions in risk theory, see Loeen (2008,
2009) and Yin & Wang (2009).

{Xk }k≥1

Let

be a sequence of nonnegative independent and identically dis-

H with H(0) = 0.
P(N = n) = (1 − ρ)ρn ,
0 < ρ < 1, which is independent of {Xk }. The distribution of
∑N
∑0
k=1 Xk (with the convention that
k=1 Xk = 0), known as

tributed random variables with common distribution function
Further, let

n = 0,

1,

N

. . .,

be a geometric random variable with

for

the random sum

the compound geometric distribution, is given by

C(x) = (1 − ρ)

∞
∑

ρn H ∗n (x),

x ≥ 0,

(1.1)

n=0
where

H ∗n

denotes the

x ≥ 0, and 0 otherwise.

nth

convolution of

H

with itself, and

H ∗0 (x) = 1

if

For the application of compound geometric distribution

in risk theory, see e.g. Willmot & Lin (2001, Chapter 7) and Willmot (2002).
on

Let W be the further convolution of C
[0, ∞), i.e.

W = C ∗ G = (1 − ρ)

with another distribution

∞
∑

G supported

ρn H ∗n ∗ G.

(1.2)

n=0

∑N

k=1 Xk above
plus another independent random variable having the distribution G. Such a
This compound geometric convolution is the distribution of

random sum arises in many applied probability models in reliability, queueing
and risk theory.

For example, the waiting time of a specied event

renewal process where between any two consecutive arrivals the event
occur with probability

ρ.

A
A

in a
may

See Brown (1990), Gertsbakh (1984), Willmot & Lin

(1996), Willmot & Cai (2004) and references therein.
A special form of (1.2) often appearing in queueing and risk theory is that

H

itself is a convolution of the distribution

on

(0, ∞).

G

with a distribution

F

supported

Then the compound geometric convolution given in (1.2) becomes

W = (1 − ρ)

∞
∑

ρn G∗(n+1) ∗ F ∗n .

(1.3)

n=0
For example, the survival probability in the perturbed risk processes can often
be deduced to the form of

W;

see e.g. Dufresne & Gerber (1991) and Furrer

(1998).
The purpose of this paper is to consider the complete monotonicity of the
∑N
X0 + k=1 (Xk + Yk ), where {Xk }k≥0 is a sequence of independent exponential random variables, {Yk }k≥1 a sequence of

distribution of the random sum

independent nonnegative random variables with a common completely mono∫1
tone density, and N the mixed geometric distribution with P(N = n) =
(1 −
0
ρ)ρn dB(ρ), n = 0, 1, . . ., in which B is a distribution on (0, 1). Moreover,

{Xk }, {Yk }

and

N

are independent. In particular, we prove that the complete
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monotonicity is preserved under mixed geometric compounding. Similar kinds
of preserving have been observed in the literature. Shanthikumar (1988) proved
that the decreasing failure rate property is preserved under geometric sum;
Keilson (1978) (see also Szekli, 1986) proved that the complete monotonicity
is preserved under geometric compounding; Cai & Kalashnikov (2000) proved
∑N
that if N is discrete new worse strongly than used, then the sum
k=1 Xk is
new worse than used; Willmot & Cai (2004) proved that the residual lifetime of
a compound geometric convolution is again a compound geometric convolution.
After showing the preserving under mixed geometric compounding, we then apply our results to establish a sucient condition for the complete monotonicity
of the ruin probability, the Laplace transform of the ruin time, and the density
of the tail of the joint distribution of ruin and the decit at ruin in the Sparre
Andersen model.

2

Complete monotonicity of compound geometric convolution

Throughout this section we assume that
tion and

F

is a distribution function on

G is the exponential distribution func[0, ∞) with F (0) = 0. We start with a

rather obvious lemma.

Lemma 2.1. (Alzer & Berg, 2006, Lemma 2.4) The sum, the product and the
pointwise limit of completely monotone functions are also completely monotone.
The following is the main result of this section.

Assume that F has a density f on (0, ∞). Then the compound
geometric convolution W given in (1.3) has a completely monotone density on
(0, ∞) if and only if f is a completely monotone function on (0, ∞).
∫∞
Proof. Denote by ξ −1 the mean of G. Let ĥ(α) = 0 e−αx dH(x) denote the
LaplaceStieltjes transform of a distribution function H supported on (0, ∞).
Theorem 2.2.

Taking the LaplaceStieltjes transforms on both sides of (1.3) yields

ŵ(α) =

1
(1 − ρ)ĝ(α)
(1 − ρ)ξ
α (1 − ρ)ξ
=
=
.
ˆ
1 − ρĝ(α)fˆ(α)
α + ξ − ρξ fˆ(α)
1 + αξ − ρξ
α f (α)

Notice that

∫

∞

1
α

e−αx W (x)dx =

0
It follows that

W

∫

∞

e−αx W ′ (x)dx =

0

1
1
α2 (1 − ρ)ξ
ŵ(α) =
.
ˆ
α
1 + αξ − ρξ
α f (α)

satises the following Volterra integral equation of the second

kind

∫

x

a(x − z)W (z)dz = q(x),

W (x) +
0

3

x > 0,

(2.1)

which can be easily veried by taking the Laplace transform of both sides, where

q(x) = x(1 − ρ)ξ,

and

a(x) = ξ{1 − ρF (x)}.

(2.2)

The solution of Eq. (2.1) has the form (see e.g. Gripenberg, 1978, Eqs. (1.1)
(1.3))

∫

x

r(x − y)q(y)dy,

W (x) = q(x) −

(2.3)

0
where the resolvent kernel

∫

r

is the solution of the equation

x

a(x − z)r(z)dz = a(x),

r(x) +

x ≥ 0.

(2.4)

0
It follows from Miller (1968) that Eq. (2.4) has a unique solution
is continuous on

(0, ∞)

and satises

0 ≤ r(x) ≤ a(x),
Substituting

y(x) = 1 −

∫

∞

0 < x < ∞,

∫x
0

∫

r

such that

r

r(z)dz ≤ 1.

0

r(s)ds

y(x) = 1 −

in Eq. (2.4), we have

x

a(x − s)y(s)ds,

x ≥ 0.

(2.5)

0
If

f

is completely monotone on

monotone on

(0, ∞)

(0, ∞),

then

a

in Eq. (2.2) is completely

and hence, from Friedman (1963, Theorem 8),

Eq. (2.5) is also completely monotone on
see from (2.3) that

(0, ∞),

{
∫
W ′ (x) = (1 − ρ)ξ 1 −

W (n) (x) = −(1 − ρ)ξr
which implies that for

and so is

r.

y

satisfying

It is now easy to

}

x

≥ 0,

r(z)dz

0
(n−2)

(x),

n ≥ 2,

n ≥ 1,

(−1) W (n+1) (x) = (1 − ρ)ξ(−1)n−1 r(n−1) (x) ≥ 0.
n

Thus,

W

has a completely monotone density on

(0, ∞).

Now we show the second statement is also a necessary condition. It follows
from (2.3) that

{
∫
W (x) = W (0) 1 −
′

}

x

′

r(y)dy

> 0,

0

W ′′ (x) = −W ′ (0)r(x),
has a completely monotone density, then r is
∫∞
r(y)dy = 1 − W ′ (∞)/W ′ (0) ≤ 1. It
0
follows from Gripenberg (1978, Theorem 3) that a is also completely monotone,

from which we see that if
completely monotone.
where

a

W

Furthermore,

is dened by (2.2). The result follows since

if and only if

f

is completely monotone.

4

a

is completely monotone

The if  part of the following result was rst proved by Keilson (1978, Theorem 3.1).

Corollary 2.3. The compound geometric distribution C dened in (1.1)
has a completely monotone density on (0, ∞) if and only if F has a completely
monotone density on (0, ∞).

Proof.

G

By letting the mean of

in (1.3) go to zero, the result follows from

Theorem 2.2 and the dominated convergence theorem.
From Lemma 2.1 and Theorem 2.2 we immediately have the following two
corollaries.

Suppose B is a probability distribution on (0, 1). If F has a
completely monotone density on (0, ∞), then

Corollary 2.4.
∞ ∫
∑
n=0

1

(1 − ρ)ρn dB(ρ) · G∗(n+1) ∗ F ∗n (x),

x ≥ 0,

(2.6)

0

has a completely monotone density on (0, ∞).
For any positive integer k , if F has a completely monotone
density on (0, ∞), then
Corollary 2.5.

∞ ∑
k
∑

Ai (1 − ρi )ρni · G∗(n+1) ∗ F ∗n (x),

x ≥ 0,

(2.7)

n=0 i=1

and

∞ ∫
∑
n=0

1

(1 − ρ)ρn dB(ρ) · F ∗n (x),

x ≥ 0,

(2.8)

0

have completely monotone densities on (0, ∞), where Ai ≥ 0, 0 < ρi < 1 for
∑k
i = 1, 2, . . ., k , i=1 Ai = 1, and B is a probability distribution on (0, 1).
Proof.

If

B

in (2.6) is a discrete distribution, we get the expression in (2.7). If

G

in (2.6) is the degenerate distribution (by letting its mean go to zero), then we
get the expression (2.8) from the dominated convergence theorem. The result
then follows from Corollary 2.4.

Remark 2.6. From Theorem 2.2 and Corollary 2.3 we can see that C dened
in (1.1) has a completely monotone density on (0, ∞) if and only if W has a
completely monotone density on (0, ∞).
∑N
The random sum
k=1 (Xk + Yk ) has the distribution that is also in the
form of compound geometric convolution:

W0 (x) = (1 − ρ)

∞
∑

ρn G∗n ∗ F ∗n (x),

n=0

5

x ≥ 0.

(2.9)

However, it does not necessarily have a completely monotone density, even when

G is an exponential distribution and F has
(0, ∞). The following is a counterexample.
Example.

Let

a completely monotone density on

G(x) = F (x) = 1 − e−x

for

x ≥ 0.

Thus,

F

has a

completely monotone density. Taking the Laplace transform on both sides of
(2.9) gives

∫

∞

e−βx dW0 (x) = (1 − ρ)

0

∞
∑

(1 − ρ)ρ
ρn
=1−ρ+
.
2n
(1 + β)
(1 + β)2 − ρ
n=0

By inverting the Laplace transform we get

√ [
{ √
}
{ √
}]
ρ
1
1
( ρ−1)x
−( ρ+1)x
W0 (x) = (1−ρ)+(1−ρ)
e
−1 + √
e
−1 .
√
2
ρ−1
ρ+1
When

x > 0,
W0′ (x)

√ { √
}
√
ρ ( ρ−1)x
= (1 − ρ)
− e−( ρ+1)x ,
e
2

which is not completely monotone.
Nevertheless, if we consider

W (x) = W0 ∗G(x) =

[
{
}
{
}]
√
√
1−ρ
1
1
√ 1 − e−(1− ρ)x +
√ 1 − e−(1+ ρ)x ,
2
1− ρ
1+ ρ

(0, ∞):
{
}
√
1 − ρ −(1−√ρ)x
W ′ (x) =
e
+ e−(1+ ρ)x .
2

we can see that it has a completely monotone density on
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Complete monotonicity of ruin probabilities

The Sparre Andersen model generalizes the classical risk model by replacing the
Poisson arrivals of claims by a renewal process, so that the surplus at time

t

is

given by

∑

N (t)

U (t) := x + ct −

Zk ,

t ≥ 0,

(3.1)

k=1

x ≥ 0 is the initial surplus, c the positive constant premium income
{N (t), t ≥ 0} a renewal process with intensity λ > 0, and {Zk }k≥1 a
sequence of positive i.i.d. random variables. We assume that {N (t)} and {Zk }
are independent. Denote by H and µ the distribution function and the mean,
respectively, of the claim sizes Zk , by Tk the time between the (k − 1)th and the
k th claim, for k ≥ 2 and by T1 the time from zero to the rst claim. Assume the
net prot condition holds, which means that limt→∞ U (t) = ∞ almost surely.
+
Let F
be the (defective) distribution of the ascending ladder height (see e.g.
Asmussen & Albrecher, 2010, p. 522, or Rolski et al., 1999, p. 235) of the random
∑n
walk {Sn }n≥1 , where Sn =
k=1 (Zk − cTk ).

where
rate,
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If the claim size distribution H has a completely monotone density
on (0, ∞), then F + has a completely monotone density on (0, ∞).
Lemma 3.1.

Proof.

Let

F−

denote by the weak descending ladder height distribution func-

tion of the random walk

{Sn }.

It follows from Rolski

et al.

(1999, Corol-

lary 6.4.1) or Asmussen & Albrecher (2010, Theorem A2.1) that for
we have

∫

0

F + (x) =
−∞

K(x − y)

∞
∑

x > 0

(F − )∗n (dy),

n=0

where K is the distribution function of the increment Zk − cTk , i.e. K(x) =
∫∞
H(x + cy)dL(y), in which L is the distribution of Tk . The statement follows
0
from direct verication.
The ruin probability, dened as

x ≥ 0.

ψ(x) = P(inf U (t) < 0|U (0) = x),
t>0

satises the PollaczeckKhinchine type formula (Rolski

1 − ψ(x) = (1 − ρ)

∞
∑

et al., 1999, Theorem 6.5.1)

ρn F ∗n (x),

n=0
where

F (x) = ρ−1 F + (x)

and

ρ = F + (∞).

Thus, from Lemma 3.1 and Corol-

lary 2.3, we have the following result.

Theorem 3.2. For the Sparre Andersen model, if the claim size distribution H
has a completely monotone density on (0, ∞), then ψ(x) is completely monotone
on (0, ∞).
A stronger version of Theorem 3.2 can be obtained by considering the Laplace
transform of the ruin time

T:

Ψβ (x) = E(e−βT 1{T <∞} |U (0) = x).
Note that

ψ(x) = Ψ0 (x). It can be shown (Willmot,
h, then Ψβ (x) has the representation

2007, Eq. (2.14)) that if

H

has a density

Ψβ (x) = (1 − θβ )

∞
∑

θβ n Fβ∗n (x),

n=1
where

∫x

∫∞
Fβ∗n (x) = 1 − Fβ∗n (x), Fβ (x) = 0 fβ (y)dy , θβ = 0 gβ (x|0)dx
∫ ∞
h(x + y)
gβ (x|0)dx,
fβ (y) = θβ −1
1 − H(x)
0

in which

and

(3.2)

gβ (·|0) is the discounted defective marginal density of the surplus prior
U (0) = 0 (see e.g. Asmussen & Albrecher, 2010, p. 358). Hence,

to ruin, given

the next theorem follows from Corollary 2.3.
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Theorem 3.3. For the Sparre Andersen model, if the claim size distribution H has a completely monotone density on (0, ∞), then Ψβ (x) is completely
monotone on (0, ∞).
Another extension of

ψ(x)

is the joint distribution of ruin and the decit at

ruin:

G(x, y) = P(|U (T )| < y, T < ∞|U (0) = x),
so that

ψ(x) = G(x, ∞). It can be shown (Rolski et al.,
G(x, y) = ψ(x) − G(x, y) satises

1999, Corollary 6.5.4)

that the tail

∫

x

F (x + y − z)

G(x, y) = ρ
0
where

F (x) = 1 − F (x).

For xed

Gx

x ≥ 0,

distribution

dene

G(x, y)
,
ψ(x)

is a proper distribution function.

has shown that

H

Gx

(F + )∗n (dz),

n=0

Gx (y) = 1 − Gx (y) =
Clearly,

∞
∑

y ≥ 0.

Willmot (2002, Theorem 3.1)

is a decreasing failure rate distribution if the claim size

is a decreasing failure rate distribution. By Lemma 3.1, we have

the following analogous result for the complete monotonicity.

Theorem 3.4. For the Sparre Andersen model, if the claim size distribution
H has a completely monotone density on (0, ∞), then Gx has a completely
monotone density on (0, ∞).
Remark 3.5. We conjecture that the converse of Lemma 3.1, and consequently
the converses of Theorems 3.23.4, are also true.
Corresponding results for the classic risk model perturbed by a Wiener process and for spectrally negative Lévy processes can be established by our results,
as well as by properties of the WienerHopf factors (Rogers, 1983, Theorem 2)
or the potential theory (Loeen, 2008, p. 1675, and Song & Vondra£ek, 2006)
of Lévy processes.

Acknowledgments
SNC was supported by the Research Grants Council of the Hong Kong Special
Administrative Region, China (Project Nos. HKBU200807 and HKBU200710)
and an FRG grant of the Hong Kong Baptist University; CY was supported
by the National Natural Science Foundation of China (No. 10771119) and the
Research Fund for the Doctoral Program of Higher Education of China (Grant
No. 20093705110002).

8

References
Alzer, H. & Berg, C. (2006). Some classes of completely monotonic functions, II.
Ramanujan Journal 11, 225248.
Asmussen, S. & Albrecher, H. (2010).
World Scientic.

The

Ruin probabilities. 2nd Edition. Singapore:

Berstein S. (1929) Sur les fonctions absolument monotones.
166.

Acta Mathematica 52,

Brown, M. (1981). Further monotonicity properties for specialized renewal processes.
Annals of Probability 9, 891895.
Brown, M. (1990). Error bounds for exponential approximations of geometric convolutions. Annals of Probability 18, 13881402.
Cai, J. & Kalashnikov, V. (2000). NWU property of a class of random sums.
of Applied Probability 37, 283289.

Journal

Dufresne, F. & Gerber, H. U. (1991). Risk theory for the compound Poisson process
that is perturbed by a diusion. Insurance: Mathematics and Economics 10, 5159.
Feller, W. (1966). An introduction
2. New York: Wiley.

to probability theory and its applications, Volume

Friedman, A. (1963). On integral equations of Volterra type. Journal
ématique 11, 381413.

d'Analyse Math-

Furrer, H. (1998). Risk processes perturbed by α-stable Lévy motion.
Actuarial Journal 1998, 5974.

Scandinavian

Gertsbakh, I. B. (1984). Asymptotic methods in reliability theory: A review. Advances
in Applied Probability 16, 147175.
Gripenberg, G. (1978). On positive, nonincreasing resolvents of Volterra equations.
Journal of Dierential Equations 30, 380390.
Hara, C. (2008). Complete monotonicity of the representative consumer's discount
factor. Journal of Mathematical Economics 44, 13211331.
Keilson, J. (1978). Exponential spectra as a tool for the study of server-systems with
several classes of customers. Journal of Applied Probability 15, 162170.
Loeen, R. L. (2008). On optimality of the barrier strategy in de Finetti's divdend
problem for spectrally negative Lévy processes. Annals of Applied Probability 18,
16691680.
Loeen, R. L. (2009). An optimal dividends problem with a terminal value for spectrally negative Lévy processes with a completely montone jump density. Journal of
Applied Probability 46, 8598.
Miller, R. K. (1968). On Volterra integral equations with nonnegative itegrable resolvents. Journal of Mathematical Analysis and Applications 22, 319340.

9

Pillai, R. N. & Sandhya, E. (1990). Distributions with complete monotone derivative
and geometric innite divisibility. Advances in Applied Probability 22, 751754.
Rogers, L. C. G. (1983). Wieners-Hopf factorization of diusions and Lévy processes.
Proceedings of the London Mathematical Society 47, 177191.
Rolski, T., Schmidli, H., Schmidt, V. & Teugels, J. (1999).
insurance and nance. New York: Wiley.

Stochastic processes for

Shanthikumar, J. G. (1988). DFR properties of rst-passage times and its preservation
under geometric compounding. Annals of Probability 33, 397406.
Song, R. M. & Vondra£ek, Z. (2006). Potential theory of special subordinators and
subordinate killed stable processes. Journal of Theoretical Probability 19, 817847.
Sumita, U. & Masuda, Y. (1987). Classes of probability density functions having
Laplace transforms with negative zeros and poles. Advances in Applied Probability 19, 632651.
Szekli, R. (1986). On the concavity of the waiting time distribution in some GI/G/1
queues. Journal of Applied Probability 23, 555561.
Widder, D. V. (1941).

The Laplace transform. Princeton: Princeton University Press.

Willmot, G. E. (2002). Compound geometric residual lifetime distributions and the
decit at ruin. Insurance: Mathematics and Economics 30, 421438.
Willmot, G. E. (2007). On the discounted penalty function in the renewal risk model
with general interclaim times. Insurance: Mathematics and Economics 41, 1731.
Willmot, G. E. & Cai, J. (2004). On applications of residual lifetimes of compound
geometric convolutions. Journal of Applied Probability 41, 802815.
Willmot, G. E. & Lin, X. (1996). Bounds on the tails of convolutions of compound
distributions. Insurance: Mathematics and Economics 18, 2933.

Lundberg approximations for compound distributions with insurance applications (Lecture Notes in Statistics 156). New York:

Willmot, G. E. & Lin, X. S. (2001).
Springer.

Yin, C. & Wang, C. (2009). Optimality of the barrier strategy in de Finetti's dividend
problem for spectrally negative Lévy processes: An alternative approach. Journal
of Computational and Applied Mathematics 233, 482491.
Yu, Y. (2009). Complete monotonicity of the entropy in the central limit theorem for
gamma and inverse Gaussian distributions. Statistics and Probability Letters 79,
270274.

10

